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PROPORTION OF NONUNIQUE ZECKENDORF RELATED PARTITIONS
IN THE LUCAS SEQUENCE
DAVID C. LUO
Abstract. Zeckendorf’s Theorem states that every natural number can be uniquely parti-
tioned into the sum of distinct and nonconsecutive terms of the Fibonacci sequence. Similarly,
every natural number can be partitioned into the sum of distinct and nonconsecutive terms
of the Lucas sequence, although such partitions need not be unique. We calculate the limiting
value of the proportion of natural numbers that cannot be uniquely partitioned into the sum
of distinct and nonconsecutive terms of the Lucas sequence.
1. Introduction
Recall the definition of the Fibonacci and Lucas sequences.
Definition 1.1. Define the Fibonacci sequence
{
Fk
}∞
k=0
by the second-order linear recurrence
F0 = 0, F1 = 1, and Fk = Fk−2 + Fk−1 for k ≥ 2 and the Lucas sequence
{
Lk
}∞
k=0
by the
second-order linear recurrence L0 = 2, L1 = 1, and Lk = Lk−2 + Lk−1 for k ≥ 2.
Additionally, we define a partition of a natural number in the following manner.
Definition 1.2. A partition of a natural number n is a nonincreasing sequence of natural
numbers p1, p2, . . . , pk whose sum is n.
In 1972, Zeckendorf published the following results in relation to the Fibonacci and Lucas
sequences [Zec72].
Theorem 1.3 (Zeckendorf’s Theorem). Every natural number n can be uniquely partitioned
into the sum of distinct and nonconsecutive terms of {F2, F3, . . .}. We call such a partition a
Zeckendorf representation of n.
Theorem 1.4 (Zeckendorf). Every natural number can be partitioned into the sum of distinct
and nonconsecutive terms of the Lucas sequence.
Note that the distinction between Theorems 1.3 and 1.4 lies in the uniqueness property of
such partitions of natural numbers in the Fibonacci and Lucas sequences. While five is uniquely
partitioned into F5 = 5 in the Fibonacci sequence, its partition is not unique in the Lucas
sequence as 5 = L0+L2 = 2+3 and 5 = L1+L3 = 1+4. This example inspires us to consider
the proportion of natural numbers that cannot be uniquely partitioned into the sum of distinct
and nonconsecutive terms of the Lucas sequence. To find this proportion, we start by defining
the following terminology and functions. Let N denote the set of natural numbers, I denote the
set of all infinite sequences of integers, and Φ = 1+
√
5
2
denote the golden ratio.
Definition 1.5. Given a natural number n and an infinite sequence of integers
{
ak
}∞
k=0
, we
define a nonconsecutive partition of n in
{
ak
}∞
k=0
to be a sequence of integers ci such that
n =
∞∑
i=0
ciai
1
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where each ci is a binary number and cici+1 = 0 for all i. Furthermore, we call a noncon-
secutive partition of n in
{
ak
}∞
k=0
a unique nonconsecutive partition if it is the only possible
nonconsecutive partition.
Definition 1.6. Given a natural number n and an infinite sequence of integers
{
ak
}∞
k=0
, we
define the nonconsecutive partition counting function D : I × N → Z∗ ∪ {∞} associated to{
ak
}∞
k=0
by
D
({
ak
}∞
k=0
, n
)
:= number of distinct nonconsecutive partitions of n in
{
ak
}∞
k=0
.
Definition 1.7. Given a natural number N and an infinite sequence of integers
{
ak
}∞
k=0
, we
define the nonuniqueness counting function U : I× N→ N associated to
{
ak
}∞
k=0
by
U
({
ak
}∞
k=0
, N
)
:= #
{
1 ≤ n ≤ N : D
({
ak
}∞
k=0
, n
)
6= 1
}
.
The functions D and U motivate us to explore the limit
α = lim
N→∞
U
({
Lk
}∞
k=0
, N
)
N
.
In Section 2, we provide additional background that aids our calculation of the limiting value
of the proportion we wish to find. The main result we obtain is presented in the following the-
orem. The proof and greater explanation of Theorem 1.8 will be provided in Section 3. Finally,
we end with a discussion of future research in Section 4.
Theorem 1.8. The proportion of natural numbers that cannot be partitioned into the sum of
distinct and nonconsecutive terms of the Lucas sequence converges to
α =
1
3Φ + 1
.
2. Preliminaries
In this section, we present additional definitions and an identity used throughout this paper.
Definition 2.1. Let A = {a0, a1, . . . , am} be the set consisting of the first m + 1 terms of
the sequence
{
ak
}∞
k=0
. We say a proper subset B of A is a nonconsecutive subset of A if the
elements of B are pairwise nonconsecutive in
{
ak
}∞
k=0
.
Definition 2.2. Let A = {a0, a1, . . . , am} be the set consisting of the first m + 1 terms of
the sequence
{
ak
}∞
k=0
. We say a sum S a nonconsecutive sum of A if S is the sum of distinct
elements of A that are pairwise nonconsecutive in
{
ak
}∞
k=0
.
Definition 2.3. Let Am = {L0, L1, . . . , Lm} denote the set consisting of the first m+ 1 terms
of the Lucas sequence.
The following identity will be of great use in our proof of Theorem 1.8.
Identity 2.4. If n ≥ 1, then
Ln = Fn−1 + Fn+1.
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3. Main Results
In this section, we present our results that determine the limiting value of the proportion of
natural numbers that cannot be partitioned into the sum of distinct and nonconsecutive terms
of the Lucas sequence. Before we prove Theorem 1.8, we introduce several preliminary lemmas
and a theorem.
Lemma 3.1. Let S be any nonconsecutive sum of Am. Then
(1) if m is odd, S assumes all values from zero to Lm+1 − 1 inclusive, and
(2) if m is even, then S assumes all values from zero to Lm+1+1 inclusive excluding Lm+1.
Proof. To prove Lemma 3.1, we proceed by strong induction. The nonconsecutive sums that
we can form from A0 are 0 and L1 + 1 as the empty set results in a sum of zero and the
nonconsecutive sums that we can form from A1 are 0, L1, and L2 − 1. This shows the base
case. Assume Lemma 3.1 holds for all nonnegative integers less than or equal to m = k. Without
loss of generality, suppose that k is odd. To find the range of nonconsecutive sums that we can
form from Ak+1, we consider the subset Ak+1 − {Lk}. From our inductive hypothesis, the
nonconsecutive sums that we can form from Ak−1 are the values from zero to Lk + 1 inclusive
excluding Lk. By adding Lk+1 to these values, we have that the following nonconsecutive sums
that we can form from Ak+1 range from zero to Lk+2 + 1 inclusive.
To show that Lk+2 cannot be formed as a nonconsecutive sum of Ak+1, we first prove a
general result. Let B be a nonconsecutive subset of A2j where j is an nonnegative integer such
that 2j < k. For sake of contradiction, suppose that the sum of the elements of B is equal
to L2j+1. In our first case, suppose that L2j is not in B. This implies B is a nonconsecutive
subset of A2j−1 and that the sum of the elements of B is less than or equal to L2j+1 − 1 from
our inductive hypothesis. Hence, we have a contradiction which implies B contains the term
L2j . Consider the set B
′ = B−{L2j} which is a nonconsecutive subset of A2j−2. Since the sum
of the elements of B′ is equal to the difference between the sum of the elements of B and L2j ,
this implies that the sum of the elements of B′ is equal to L2j−1 which cannot be formed as a
nonconsecutive sum of A2j−2 by our inductive hypothesis. Therefore, we have a contradiction
and L2j+1 cannot be formed as a nonconsecutive sum of A2j .
Applying this result to our inductive step, we have that Lk cannot be formed as a noncon-
secutive sum of Ak−1. This implies there is no possible way to form Lk+2 = Lk + Lk+1 as a
nonconsecutive sum of Ak+1−{Lk}. From our inductive hypothesis, the maximum possible sum
we can form from Ak is Lk+1− 1 which is less than Lk+2. Therefore, Lk+2 cannot be formed as
a nonconsecutive sum of Ak+1, completing the inductive step. 
The following lemma will be used specifically to prove Theorem 3.3. The proofs of Lemma
3.2 and Theorem 3.3 are adapted from [Her20].
Lemma 3.2. If m ≥ 0, then L2m+1 +1 has exactly two nonconsecutive partitions in the Lucas
sequence.
Proof. To prove Lemma 3.2, it suffices to show that every natural number of the form L2m+1+1
is equal to only one nonconsecutive sum of A2m. We proceed by strong induction. L3+1 is equal
to only one nonconsecutive sum of A2 and L5 + 1 is equal to only one nonconsecutive sum of
A4. This shows the base case. Assume Lemma 3.2 holds for all nonnegative integers less than or
equal to m = k. Let B be a nonconsecutive subset of A2k+2. For sake of contradiction, suppose
that the sum of the elements of B is equal to L2k+3 + 1 and that B does not contain the term
L2k+2. From Lemma 3.1, the nonconsecutive sums that we can form from A2k+2 are the values
from zero to L2k+3 + 1 inclusive excluding L2k+2. This implies B is a nonconsecutive subset of
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A2k+1. From Lemma 3.1, we have that the sum of the elements of B must be less than or equal
to L2k+2 − 1. Hence, we have a contradiction which implies B contains the term L2k+2. From
our inductive hypothesis, we know that L2k+1 + 1 is equal to only one nonconsecutive sum
of A2k. Since L2k+3 + 1 = L2k+2 + (L2k+1 + 1) and B cannot contain both L2k+2 and L2k+1,
this implies L2k+3 + 1 is equal to only one nonconsecutive sum of A2k+2. This completes the
inductive step. 
Theorem 3.3. A natural number can have at most two distinct nonconsecutive partitions in
the Lucas sequence.
Proof. To prove Theorem 3.3, it suffices to show that for every nonnegative integerm, there is no
natural number that is equal to three or more distinct nonconsecutive sums of Am. We proceed
by strong induction. No natural is equal to three or more distinct nonconsecutive sums of A0 and
A1. This shows the base case. Assume Theorem 3.3 holds for all nonnegative integers less than
or equal tom = k. In our first case, suppose that k is odd. From Lemma 3.1, the nonconsecutive
sums that we can form from Ak are the values from zero to Lk+1 − 1 inclusive. Hence, when
we add the term Lk+1 to Ak, all new nonconsecutive sums that can be formed must be at least
Lk+1. This implies there is no possible way in which we can form a third distinct nonconsecutive
sum of Ak+1 for any natural number as there is no intersection between the nonconsecutive
sums in which we can form before and after the addition of the term Lk+1. When k ≥ 2 is
even, we have from Lemma 3.1 that all nonconsecutive sums we can form from Ak are the
values from zero to Lk+1 + 1 inclusive excluding Lk+1. When we add the term Lk+1 to Ak, all
new nonconsecutive sums that can be formed are at least Lk+1 with Lk+1 + 1 being the only
nonconsecutive sum formed again, namely Lk+1 + L1. By Lemma 3.2, we know that Lk+1 + 1
has exactly two distinct nonconsecutive partitions in the Lucas sequence. Therefore, there is no
possible way in which we can form a third distinct nonconsecutive sum of Ak+1 for any natural
number. This completes the inductive step. 
Our next lemma will be used specifically to prove Theorem 1.8.
Lemma 3.4. Lucas sequence terms have unique nonconsecutive partitions in the Lucas se-
quence.
Proof. To prove Lemma 3.4, it suffices to show that for all Lucas sequence terms Lm, Lm is not
equal to a nonconsecutive sum of Am−1. We proceed by strong induction. The terms L1 and L2
are not equal to nonconsecutive sums of the sets A0, and A1 respectively. This shows the base
case. Assume Lemma 3.4 holds for all nonnegative integers less than or equal to m = k. Without
loss of generality, suppose that k is odd. Let B be a nonconsecutive subset of Ak. For sake of
contradiction, suppose that the sum of the elements of B is equal to Lk+1. In our first case,
suppose that Lk is not in B. This implies B is a nonconsecutive subset of Ak−1. Using Lemma
3.1, we have that the sum of the elements of B must be less than or equal to Lk + 1, implying
Lk−1 ≤ 1. This implies k must be equal to two. Hence, we have a contradiction as we showed
in our base case that Lk for k = 2 is not equal to a nonconsecutive sum of A1. This implies Lk
is in B. Consider the set B′ = B − {Lk} which is a nonconsecutive subset of Ak−2. Since the
sum of the elements of B′ is equal to the difference between the sum of the elements of B and
Lk, this implies that the sum of the elements of B
′ is equal to Lk−1. From Lemma 3.1, we have
that the sum of the elements of B′ must be less than or equal to Lk−1 − 1. Therefore, we have
a contradiction which completes the inductive step. 
We are now ready to present our main result. The proof of Theorem 1.8 is adapted from
[Her20].
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Theorem 1.8. The proportion of natural numbers that cannot be partitioned into the sum of
distinct and nonconsecutive terms of the Lucas sequence converges to
α =
1
3Φ + 1
.
Remark 3.5. See Equation 3.5.2 for a more precise statement of Theorem 1.8.
Proof. Let U be the nonuniqueness counting function associated to the Lucas sequence. Consider
the set A = {1, 2, . . . , Lm+1}. To determine which natural numbers in A do not have unique
nonconsecutive partitions in the Lucas sequence, we need only consider terms in the set B =
{L0, L1, . . . , Lm} as Lm+1 has a unique nonconsecutive partition in the Lucas sequence by
Lemma 3.4. We first consider the case when m is odd. From the well-known result that there
are Fm+2 distinct subsets of the set consisting of the first m natural numbers that do not
contain a pair of consecutive natural numbers, we have that we can form Fm+3 distinct and
nonconsecutive subsets of B. Of those Fm+3 distinct and nonconsecutive subsets, Fm+3 − 1 of
them have the property that the sum of their elements is a natural number as the empty set
results in a sum of zero. By Lemma 3.1 and Theorem 3.3, we have that
(Fm+3 − 1)− (Lm+1 − 1)
gives the total number of natural numbers in A that do not have unique nonconsecutive parti-
tions in the Lucas sequence. Using Identity 2.4, (Fm+3 − 1)− (Lm+1 − 1) becomes Fm−1. When
m is even, we use a similar argument and have that
(Fm+3 − 1)− (Lm+1)
gives the total number of natural numbers in A that do not have unique nonconsecutive parti-
tions in the Lucas sequence. Using Identity 2.4, (Fm+3 − 1)− (Lm+1) becomes Fm−1−1. When
computing the limit for asymptotic density, the difference of one between Fm−1 and Fm−1 − 1
is negligible. Hence, on the subsequence of Lucass up to Lm+1, we have the following equation
lim
m→∞
U
({
Lk
}∞
k=0
, Lm+1
)
Lm+1
= lim
m→∞
Fm−1
Lm+1
. (3.5.1)
Identity 2.4 for Fibonacci and Lucas sequence terms enables us to rewrite Equation 3.5.1 as
lim
m→∞
Fm−1
Lm+1
= lim
m→∞
Fm−1
Fm + Fm+2
= lim
m→∞
1
3
(
Fm
Fm−1
)
+ 1
=
1
3Φ + 1
.
Therefore,
lim
N→∞
U
({
Lk
}∞
k=0
, N
)
N
=
1
3Φ + 1
, (3.5.2)
implying that the proportion of natural numbers that cannot be partitioned into the sum of
distinct and nonconsecutive terms of the Lucas sequence is roughly equivalent to 1
3Φ+1
. 
Among the first N natural numbers, we utilize Theorem 1.8 to see how α = 1
3Φ+1
≈ 0.17082
estimates the proportion of natural numbers within this range that do not have unique noncon-
secutive partitions in the Lucas sequence. The data we collect is shown in Table 1 below. Let
U be the nonuniqueness counting function associated to the Lucas sequence and β (N) be the
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proportion of the first N natural numbers that do not have unique nonconsecutive partitions
in the Lucas sequence. Our code for computing the U
({
Lk
}∞
k=0
, N
)
and β (N) values can be
found in Appendix A.
N U
({
Lk
}∞
k=0
, N
)
β (N)
10 1 10.000 %
100 17 17.000%
1,000 171 17.100%
10,000 1,708 17.080%
105 17,082 17.082%
106 170,820 17.082%
Table 1. Proportion β (N) of the first N natural numbers that do not have
unique nonconsecutive partitions in the Lucas sequence.
4. Future Work
In this section, we discuss possibilities for future research. An interesting concept we stumbled
across in Brown’s paper is a complete sequence of integers [BJ61].
Definition 4.1. An arbitrary sequence
{
ak
}∞
k=0
of natural numbers is complete if, and only if,
every natural number n can be represented in the form
n =
∞∑
i=0
ciai
where each ci is a binary number.
We can alter the definition of a complete sequence so that it includes the property cici+1 = 0
for all i. In doing so, we consider all infinite sequences of natural numbers
{
ak
}∞
k=0
such that
every natural number has a nonconsecutive partition in
{
ak
}∞
k=0
. By applying our results in
Section 3, we can investigate and potentially calculate the limiting value of the proportion of
natural numbers that do not have unique nonconsecutive partitions in any second-order linear
recurrence sequence which meets our modified requirements of a complete sequence.
Lemma 3.2 and Theorem 1.8 prompt us to consider whether every natural number n that
does not have a unique nonconsecutive partition in the Lucas sequence can be categorized. We
can utilize the greedy algorithm to determine the second distinct nonconsecutive partition of
n after we know the first. A condition given by Brown for unique nonconsecutive partitions in
the Lucas sequence is stated in the following theorem [BJ69].
Theorem 4.2. Let n be a nonnegative integer satisfying 0 ≤ n < Lk for some k ≥ 1. Then
n =
k−1∑
i=0
ciLi (4.2.1)
with each ci is a binary number, c0c2 = 0, and cici+1 = 0 for all i. Further, the representation
of n in this form is unique. If k− 1 < 2 in Equation 4.2.1, we define c2 = 0 so that c0c2 = 0 is
automatically satisfied.
We see from Theorem 4.2 that the adjustment of the greedy algorithm to find the second
distinct nonconsecutive partition in the Lucas sequence revolves around the terms L0 = 2
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and L2 = 3. By finding the categorizations of all natural numbers that do not have unique
nonconsecutive partitions, we can compute α in Theorem 1.8 more directly.
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Appendix A. Java Code
The following is our Java code for calculating nonconsecutive partitions of natural numbers
in any infinite integer sequence given by a second-order linear recurrence available on github
at https://github.com/dluo6745/Zeckendorf-Partitions/blob/master/ZP.java. For each
natural number n from one to N , the code returns the nonconsecutive partition(s) of n in an
array list of integers that correspond to the indices of the terms in the second-order linear
recurrence sequence we are enumerating. Furthermore, the code also returns the number of
natural numbers from one to N that do not have unique nonconsecutive partitions.
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